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Although the Park-Paulino-Roesler (PPR) potential-based cohesive zone fracture model was not derived
based on a thermodynamics consistency principle, we investigate the thermodynamic consistency of the
PPR model under conditions of loading, unloading and reloading. First, we present a general anisotropic
Helmholtz free energy function. Then, we reformulate the PPR model into the anisotropic Helmholtz form,
and investigate its consistency and the various unloading/reloading relations which have been proposed
for use with the model. By recasting the PPR model into the Helmholtz form, we illustrate that the PPR
cohesive potential, while not designed with thermodynamic consistency in mind, is thermodynamically
consistent under the pure loading conditions for which it was designed (as expected). We also demon-
strate that the unloading/reloading relations, which are commonly used with the PPR model, are not
thermodynamically consistent; however, through our investigation, we develop a new coupled unload-
ing/reloading relation, which maintains the thermodynamic consistency of the PPR cohesive model. The
considerations addressed in this paper are aimed at achieving a better understanding of the PPR model
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1. Introduction

Thermodynamically consistent cohesive models are derived
from a potential function [1]. There are two primary classes of
potential functions. In the first class, the potential is a function
of the displacement jump. This form is prevalent in pheno-
menological cohesive models, and is the class to which the
Park-Paulino-Roesler (PPR) cohesive model belongs [2]. Potential
functions of this form do not contain a built-in unloading/reloading
relation. This is an attractive feature of the model, as any desired
feature can be easily incorporated in the basic PPR framework
[3,4]. However, without the inclusion of external history param-
eters and an unloading/reloading relation, these types of models
are reversible. The reversibility of the potential function leads to
the commonly applied critique that models of this type do not sat-
isfy the second law of thermodynamics (i.e. what is done can be
undone) [1,5-8]. Alternatively, some researchers use a thermody-
namic potential, specifically a Helmholtz free energy function, to
derive a thermodynamically consistent cohesive model [9-11]. In
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this class of functions, the potential depends on both the displace-
ment jump and a set of internal variables related to the deformation
history. Thus, the unloading/reloading relation is intrinsic to the
potential, and all states of loading, unloading and reloading are
defined by a single function. In the following discussion, we will
recast the PPR model into the Helmholtz form, to illustrate that
the PPR cohesive potential, while not designed with thermody-
namic consistency in mind, is thermodynamically consistent under
the pure loading conditions for which it was designed. We will
also demonstrate that the unloading/reloading relations, which are
commonly used with the PPR model, are not thermodynamically
consistent; however, we can extract a new unloading/reloading
relation from the Helmholtz form which is thermodynamically con-
sistent.

The remainder of the paper is organized as follows. In the
next section, we present a general form for the anisotropic
Helmholtz free energy function. In Section 3, we reformulate the
PPR potential function as an anisotropic Helmholtz function. In
Section4, we investigate the thermodynamic consistency of the
PPR cohesive model under conditions of loading and unload-
ing/reloading. Based on our investigation, we develop a new
coupled unloading/reloading relation in Section5; which main-
tains the thermodynamic consistency of the PPR cohesive model.
In Section 6, we present an example of an interface undergoing
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mixed-mode loading and unloading; which highlights the signifi-
cance of the new formulation. Finally, we provide some concluding
remarks in Section 7.

2. The anisotropic Helmholtz free energy function

Here, we outline a framework for generating a thermodynami-
cally consistent constitutive relation for inelastic materials [12].
We consider the inelasticity to be associated with stiffness degra-
dation of the material, and thus work within the framework of
damage mechanics, i.e., damage is herein defined as a reduction in
the material’s secant stiffness [13]. For most generality, only a cou-
ple of assumptions are made. First, following the frequently applied
assumption in stress-strain based constitutive models [14,15], we
assume a decomposition of the potential energy into shear and nor-
mal components. Second, we assume that damage may be captured
by a set of scalar-valued damage parameters [1]. With these two
assumptions, the general Helmholtz free energy function, W, for
anisotropic materials, takes the following form:

W= (1 - d)W = (1 - da)Wy + (1 - do)We, (1

i=1

where W, is the energy related to normal separation and W; is the
energy related to tangential (or shear) separation. Moreover, d, and
d; are scalar damage parameters related to the evolution of damage
in the normal and shear directions, respectively. The scalar dam-
age parameters are continuous and take values between 0 and 1
(i.e.dp € [0,1] and d; € [0, 1]) where 0 indicates no damage, and 1
indicates complete damage. In a related investigation, Mosler and
Scheider [1]included a third assumption: that the different damage
mechanisms in the normal and shear directions are multiplicatively
coupled. Thus, they proposed the following form for the anisotropic
Helmbholtz free energy function:

W= En:ﬁ (1-d2) w. (2)

i=1 j=1

However, we note that this is a subset of the more general form
(1), where:

(—dn)= (1-d) (1-a?). (1-d)=(1-d)(1-").

(3)

In both cases, the effective damage parameters are continuous
and vary between 0 and 1.

In the context of a purely mechanical theory, we can use the
classical Coleman and Noll procedure [16] to derive a thermo-
dynamically consistent, anisotropic constitutive relation. In this
setting, the Clausius-Duhem dissipation inequality reads:

D=w-W¥>0, (4)
where w is the stress power and W is the time derivative of the

Helmholtz free energy function. In the current context of cohesive
zone models, the stress power is written as [1]:

w=T-[[i]], (5)
where T is the traction vector, and [[u]] is the time derivative of

the displacement jump. Inserting the expressions for the stress
power and the time derivative of the general Helmholtz free energy

function (1) into the dissipation inequality (4), we obtain':

o . owv, .
D=w-V¥=T-[[u]] -(1- d”)a[[u]] -[[u]]
; oW, . :
+Wndy — (1 - dt)a[[u]] -[[ae]] + Wede
> 0. (6)

From the above expression, we can define the following rela-
tions for the cohesive tractions:

o,
s =(1-dt)———; 7
Al[u] (=405 ] 2

which results in the following form for the dissipation inequality:

oV,

Thn=(1—dn) and T;

D= \I/ndn + \Ijtdt > 0. (8)

Since the elastic energies are assumed to be non-negative, the
dissipation inequality, and thus the second law of thermodynam-
ics [16], is automatically satisfied if the damage parameters are
monotonically increasing:

d,>0 and d;>0. (9)

Therefore, in order for an anisotropic constitutive relation to be
thermodynamically consistent, the above constraints need to be
met.

3. Reformulating the PPR potential as an anisotropic
Helmbholtz function

To demonstrate the thermodynamic consistency of the PPR
potential function [2], under the pure loading conditions it was
designed for, we recast the potential function into the form of the
Helmholtz free energy function (1). With some algebraic maneu-
vering, the energies, ¥, and ¥, consistent with the PPR model,
take the form:

v, = %EnAﬁ and ¥, = %EtA?, (10)

where A, and A; are the normal and tangential crack opening
widths, respectively. The variables E;, and E; shown above are ini-
tial stiffness parameters in the normal and tangential directions,
respectively. These parameters are consistent with the original PPR
cohesive model proposed by Park et al. [2] (see Appendix A), and
are defined as:

a:—%’(g)m_] (m+a) [rt(g)ﬂm—%ﬁ, (11)
Et:_%(%)n_l (n+8) [Fn(';’)m+<¢n—¢f>}, (12)

where 8, and §; are the final crack opening widths in the normal
and tangential directions:

m—1

5 = Ui';xaxnu Sl (1) (1) (13)
n-1

8= rﬁ;ﬂmm — ) (f +1> (fkwl) - (14)

1 We assume here, for simplicity, that the Helmholtz free energy is not a function
of any structural tensor. In the remainder of the paper, we consider the crack faces
to be parallel, limiting our investigation to the constitutive component of the model
and eliminating the need to include energetically consistent conjugate stresses [1].
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Moreover, « and § are shape parameters which control the soft-
ening shape of the traction-separation relation in the normal and
shear directions, respectively. Both « and § are >1. If « (or B) is
set equal to 2, the softening relation is almost linear, whereas if
« (or B) is less than or greater than 2, the relation is concave or
convex, respectively. Moreover, the non-dimensional exponents,
m and n, are evaluated from the shape parameters and the initial
slope indicators (An, At):

ol —1)A3 B BB - 122
C(1-erl) T (1-p0)

where the initial slope indicators relate the final crack opening
widths to the crack opening widths at peak cohesive stress. The
energy constants I', and I'; are related to the normal and tangen-
tial fracture energies [2]. When the normal and tangential fracture
energies are different (¢n # ¢:), the energy constants are:

(15)

n

m
' = (—ghn) =0/ 0000 L) Ft:(_¢[)<¢t¢n>/<¢r¢n>(ls> 7
(16)

where the Macaulay bracket (-) is defined such that (x) = (|x| +
x)/2. When the normal and tangential fracture energies are equal
(¢n = @), the energy constants are:

Iy = —%(%)m, r= <f) (17)

The damage parameters consistent with the PPR model are func-
tions of two internal history parameters (ky, k¢) [12], and take the
form:

Trn(kn, K¢)

dnlien,see) =1 - —F (18)
nin
dt(Kn,/q):17%’ (19)
where
/ _ I'n Kn\%/m Kn m—1
Tp(kn, kt) = E [m(l — E) <E + g>
kn\* 1 m o ok \™
—(-5) (&%) }
Kt ﬁ n Kt
X rf(l —57) (B*?) + (e — )|, (20)

« [rn(1 - ’x)“(2+’§;)m+<¢n—¢t>] L@

Substituting Eqgs. (10), (18) and (19) into Eq. (7), the cohesive
tractions can be compactly written as:

Ty = T}, (Kn, Kt) ﬁ, and Ty = T} (kn, kt) ﬁ; (22)
Kn Kt

The internal history parameters x, and k; represent the max-

imum normal opening and absolute tangential opening in the

history of loading, respectively. Because the damage parameters

are constrained to be irreversible in Eq. (9), to satisfy the dissipation

A”l
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Fig. 1. At each state (reference point) of the loading history, there are four possible
scenarios for loading to progress. The pure loading condition constitutes the white
region (AL > Al and A > Al); partial unloading constitutes the two light gray
regions (A < Al and Al*! > Al or A1 > Al and A*! < Al); and pure unload-
ing constitutes the dark gray region (Ai,*' < Al and Ai” < A;). The reference point
corresponds to the point of intersection between the historical maximum normal
separation and the historical maximum tangential separation.

inequalityin Eq.(4), the history parameter must also be irreversible,
ie.:

/(n=max{An} and Kt=max{|At|}. (23)

In a numerical setting, these parameters satisfy the following
relations from one increment (i) to the next (i+1):

k' =max {kp, A} and kT =max {«i, | A} ‘} : (24)

Therefore, when unloading occurs, i.e., «i! =kl and /c;“ =
/cf, the corresponding damage parameter does not decrease. In
the pure loading scenario, «ij! = AL! and ki1 = |Afrl |; and the
tractions resulting from the Helmholtz free energy function are
equivalent to those from the PPR potential function (see Appendix
A).

There are three distinct scenarios where unloading occurs, as
illustrated in Fig. 1. In order for an unloading/reloading relation to
be thermodynamically consistent, the damage parameters during
unloading need to satisfy the constraints in Eq. (9) in all three sce-
narios. In the following section, we will plot the evolution of the
damage parameters for the PPR model under conditions of loading
and unloading/reloading. In the case of unloading/reloading, we
will consider both the coupled and uncoupled relations proposed
for use with the PPR model [17].

4. Assessing the thermodynamic consistency of the PPR
cohesive model

As discussed previously, the primary critique of potential-based
models which only depend on the displacement jump is the
reversibility of the model without the inclusion of external his-
tory parameters. Thus, it is not surprising that, in conditions of
pure loading, cohesive models of this type are indeed thermody-
namically consistent (i.e. damage monotonically increases in the
model). To show this, we plot a typical traction-separation rela-
tion derived from the Helmholtz form of the PPR model, and the
corresponding evolution of damage parameters in Fig. 2. As illus-
trated, each damage parameter begins at 0 and monotonically
increase to 1 as the separation (A, A;) increases to the final crack
opening width (5,,, (St). If this were not the case (i.e. the dam-
age parameter, and thus the damage in the material, decreased),
it would indicate that the material has self-healed; a behavior
not accounted for in the original formulation of the PPR cohesive
model.
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Fig. 2. Depiction of typical traction-separation relations derived from the Helmholtz form of the PPR cohesive model, and the corresponding normal and tangential damage
parameters. Traction-separation relations for (a) normal opening and (b) tangential opening. Evolution of the damage parameters for (c) normal opening and (d) tangential
opening. The cohesive parameters are: ¢, = 100 N/m, ¢ = 200 N/m, 0'max =40 MPa, Tmax =30MPa, =5, $=1.3, A, =0.1, and 1;=0.2.

Since the unloading/reloading relations which have been pro-
posed for use with the PPR model are both phenomenological and
independent of the original potential that it is based upon, their
thermodynamic consistency is not guaranteed (as expected). Here,

Table 1

we examine both the uncoupled and coupled unloading/reloading
relations [17] and compute their effective damage parameters,
to demonstrate the issues inherent in their formulation. A sum-
mary of the coupled and uncoupled unloading/reloading relations

Summary of the coupled, uncoupled and thermodynamically consistent unloading/reloading relations for the PPR cohesive model.

Coupled [17]

Uncoupled [17] Thermodynamically consistent

Loading history K = max { \/ A2+ A2 }
variable
Criterion N AZ+AZ <k
n t @

TY (An, Ar)=Tr, (AX’ A")

K
Bv
Unloading constitutive ; b Aw \/ A%+ A7
relations Ty (An, A =Tn (A”’ Af) K
Ak

and A} =

B
It

e
=

A%+ A?

Normal region

A A
= 3 o 3 :Qo

|
g

Tangential region

|
g

Kn=max{A,.}, Kt=max{’At|}

An<kp

Kn=max{An}, lq=max{‘A[|}

An<kn, A<k or A<k

Ac) =T (kn, kt)

A\
T3 (An, A0 =Trn (kn, Ar) (K—)
n

& Bv
Kt

Ty (An, (7)
A

T (An, A¢) = Tr (A, ke) ( TV (An, A¢) = Tr (K, K¢) (K—[)
t

S, Sy
i % Ki
LKy K, :
-5 0 5 -6 0 5
Sn S
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Fig. 3. Depiction of the uncoupled unloading/reloading relation for the PPR cohesive model: (a) traction in the normal direction; (b) traction in the tangential direction; (c)
effective damage parameter in the normal direction; (d) effective damage parameter in the tangential direction. The cohesive parameters are: ¢, =100N/m, ¢ =200 N/m,

Omax =40 MPa, Tmax =30MPa, =5, B=1.3,a,=1, f,=1,1,=0.2, 1;=0.1, A

Nmax

is listed in Table 1. First, in the uncoupled case, unloading in the nor-
mal direction is viewed independently from that in the tangential
direction. Typical uncoupled unloading tractions are illustrated in
Fig. 3(a) and (b). Because this unloading relation is not extracted
from the cohesive model itself, there is no explicit form assumed
for the damage parameters; however, we can compute the effective
damage parameters numerically, as illustrated in Fig. 3(c) and (d).

In Fig. 3(c), the normal damage parameter monotonically
increases with normal separation. However, when simultaneous
unloading in the normal and tangential directions occurs (the pure
unloading scenario in Fig. 1), the damage parameter decreases with
decreasing tangential separation. This is not a physically realistic
response. In the absence of self-healing, the damage parame-
ters should not decrease as the material unloads. Similarly, the
tangential damage parameter monotonically increases with tan-
gential separation, as illustrated in Fig. 3(d), but decreases with
normal separation when simultaneous unloading occurs in both
directions.

Finally, for the coupled unloading/reloading case, unloading in
the normal direction is viewed as dependent on that in the tangen-
tial direction. Typical coupled unloading tractions are illustrated in
Fig. 4(a) and (b). This unloading relation is also phenomenological,
and not extracted from the cohesive model itself (i.e. there is no
explicit form assumed for the damage parameters), thus we com-
pute the effective damage parameters numerically, and illustrate
them in Fig. 4(c) and (d). From the figures, it is clear that neither the
normal damage parameter nor the tangential damage parameter
demonstrate monotonicity in the region of unloading.

In a thermodynamically consistent model, we would expect
each of the damage parameters to display monotonically increasing
behavior, regardless of the unloading condition. It is well-known
that this behavior is not possible with an uncoupled unload-
ing/reloading relation, thus the unloading/reloading relation must
be coupled. In the following section, we derive a new, thermody-
namically consistent, coupled unloading/reloading relation for use
with the PPR cohesive model.

=0.356,, and A, = 0.25;.

5. A thermodynamically consistent unloading/reloading
relation

In the previous section, we verified that neither the coupled
nor the uncoupled unloading/reloading relations, which have been
proposed for use with the PPR cohesive model, are thermody-
namically consistent (as expected). However, since the anisotropic
Helmholtz form of the PPR model describes all conditions of
loading, it contains an intrinsic unloading/reloading relation. The
corresponding thermodynamically consistent relations, extracted
from the Helmholtz form of the PPR model, are depicted in
Fig. 5. The damage parameters, equivalent to those computed
using Eqs. (18) and (19), are illustrated in Fig. 5(c) and (d). As
shown, both the normal and tangential damage parameters mono-
tonically increase under both normal and tangential separation.
When unloading/reloading occurs simultaneously in both direc-
tions, both damage parameters remain constant; which is the only
thermodynamically consistent form of these parameters in this
scenario (when self-healing is neglected), as per the dissipation
inequality (8).

In addition to the cohesive traction vectors in Eq. (22),
we outline the form of the material tangent stiffness matrix
for the thermodynamically consistent unloading/reloading
relation:

DY(An. A Dy, D, aTY/0A, OTY/0A: (25)
n, t)= = .
Dy, Dy Ty /0A, OTY/OA;

For each of the three distinct unloading scenarios, illustrated in
Fig. 1, the components (D}, Dy;, D},, and Dy;) of the tangent matrix
become:

l)lfAn</<nand|At‘ < Kt
(26)

1 1
D%n :T/n(Kn,Kt)f D;)t :T/t(KTlaKt)*
Kn Kt
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Fig. 5. Depiction of the thermodynamically consistent unloading/reloading relation for the PPR cohesive model, derived from the Helmholtz form of the model: (a) traction
in the normal direction; (b) traction in the tangential direction; (c) damage parameter in the normal direction; and (d) damage parameter in the tangential direction. The
cohesive parameters are: ¢, = 100 N/m, ¢; =200 N/m, 0 max =40 MPa, Tmax =30MPa, =5, $=1.3, A, =0.2, 1;=0.1, A, = 0.358,, and Ay, = 0.25;.

v=0 DI)=0 (27) 3) If A=Ky, and |At} < Kt
2) If Ap<ky and ‘At| = K¢ Dy =Dnn(An,kt) Dy =0 (30)
) - A DY = Tr(Am k)~ DY = Do (A, r) (28 (31)
Dy = Trn (kn, Ar) o D} = Dt (kn, At) ( p ) (28) it t{Bn, Ke) oo tn m(Bn, Ke)
n n

Dty = Dt (kn, At) Dy, =0 (29) where Dpe(Ap, At)=0Tn/0Ar and Den(Ap, Ar)=0T/0A, [18,19].
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Fig. 6. Sinusoidal loading relation in the normal crack opening direction. The follow-
ing portions of the loading history are delineated: loading (A-B), unloading (B-C),
contact (C-D), and reloading (D-E).

6. Example: mixed-mode sinusoidal loading and unloading

In this section, we evaluate the response of a cohesive interface
during nontrivial mixed-mode loading and unloading. The crack
faces are assumed to remain parallel to one another, however, the
crack opening in the normal direction is assumed to follow a rela-
tion independent of that in the tangential direction. The respective
opening separations are assumed to follow the relations:

Ap =2sin(0.157) and A; =3.5sin(0.121), (32)

where 7 is a time-like parameter (0 <7 <100), as illustrated in
Figs. 6 and 7. The response of the interface is investigated for
each of the three unloading/reloading relations summarized in
Table 1. The cohesive parameters are selected as: ¢, = ¢r=100N/m,
Omax =40 MPa, Tmax =15MPa, A, =0.1, A;=0.2, ¢ =5, f=1.3, ) =1,
and B, = 1. As noted previously, during unloading/reloading of the
interface, damage is expected to remain constant, and thus, the
slope of the traction-separation relation is also expected to remain
constant.

D.W. Spring et al. / Mechanics Research Communications 78 (2016) 100-109

100

Fig. 7. Sinusoidal loading relation in the tangential crack opening direction. The
following portions of the loading history are delineated: loading (A-B), unloading
(B-C), and reloading (C-D).

For each unloading/reloading relation, the computed normal
and tangential traction-separation relations are illustrated in
Figs. 8 and 9, respectively. From the results, it is clear that the
only unloading/reloading relation able to capture the expected
response is the one derived from the thermodynamically consis-
tent formulation. The coupled and uncoupled unloading/reloading
relations produce significant deviations from the expected results,
due to non-monotonic damage accumulation in these relations.
Note that, even though the violation of monotonicity is small (see
Figs. 3 and 4), the impact of the violation on the global response is
large.

The unexpected unloading/reloading behavior, observed using
both the uncoupled and coupled relations, could lead to incorrect
global behavior if one were to use these relations for problems
which experience a significant amount of mixed-mode crack
face unloading. One prominent example of this is in the case of
fatigue damage, wherein the cohesive zone experiences repeated
cycles of loading, unloading and reloading. Fatigue damage has
been modeled with the cohesive zone concept, and is generally
introduced through unloading/reloading relations [20-22]. The
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< 5 )
& & &
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(a) (®) (©

Fig.8. Tractionsin the normal direction during mixed-mode sinusoidal loading/unloading. Computed for the: (a) coupled, (b) uncoupled, and (c) thermodynamically consistent

unloading/reloading relations.

15 15 15
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S S S
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Fig. 9. Tractions in the tangential direction during mixed-mode sinusoidal loading/unloading. Computed for the: (a) coupled, (b) uncoupled, and (c) thermodynamically

consistent unloading/reloading relations.
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aforementioned thermodynamically consistent unloading/
reloading relation might be a viable alternative to address
fatigue modeling.

7. Concluding remarks

This paper addresses the thermodynamic consistency of the PPR
potential-based cohesive fracture model. We demonstrate that the
PPR model, while not designed with thermodynamic consistency
in mind, is thermodynamically consistent under the pure loading
conditions for which it was designed. We do this by proposing a
general form for the anisotropic Helmholtz free energy function,
and then by recasting the PPR cohesive model to this form. Through
the reformulation of the PPR model, we are able to demonstrate that
damage accumulates in the model in an irreversible manner when
the crack opening width increases monotonically. Alternatively,
when the crack undergoes unloading/reloading, we verify that the
commonly applied coupled and uncoupled unloading/reloading
relations produce self-healing behavior within the formulation. To
address this issue, we present a new coupled unloading/reloading
relation which maintains the thermodynamic consistency of the
PPR model.
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Appendix A. Comparison between the present
thermodynamically consistent formulation and the original
PPR model

Here, the proposed thermodynamically consistent form of the
PPR model is compared to the original form of the model, pre-
sented in [2], for the case of monotonic loading. First, we present
the derivation of the initial stiffness parameters E, and E; in Eqs.
(11) and (12). Next, the damage parameters d, and d; in Egs. (18)
and (19) are simplified for the case of monotonic loading. Lastly,
the proposed thermodynamically consistent model is compared to
the original PPR model. The result of this investigation illustrates
that the proposed thermodynamically consistent form of the PPR
model is equivalent to the original model under monotonic loading
conditions.

The initial stiffness parameters E, and E¢, in Eqs. (11) and (12),
are obtained by evaluating Dy, (0, 0) and Dy (0, 0) (from Eq. 35) in
[18]):

En = Din(0,0) = 1;7 [(mz B ’")(gyﬁ +e “”(g)m

—Zma(’:)m_l} [Ft(Z)"+<¢[—¢n>]

r m m—1
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n
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82 B B
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The damage parameters d, and d; in Eqgs. (18) and (19)
account for the degradation of the cohesive tractions as the
displacement jump increases. Conceptually, the proposed dam-
age parameters d, and d; account for difference between the
elastic stresses in the normal and tangential directions and the
corresponding inelastic stresses predicted by the original formu-
lation of the model [2]. If monotonic loading is assumed, the
internal history parameters become k= A, and k¢ = |At .Replac-
ing these expressions for «, and k; in Eqgs. (18) and (21), we
obtain:
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Substituting Eqgs. (A.3), (A.4) and (10) into Eq. (7) yields:
g ( An)“(m An)”H
Ta(An, A¢) = — 1- — —+ —
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As expected, these expressions are identical to the cohesive trac-
tions predicted by the original PPR model [2], demonstrating the
equivalence between the proposed thermodynamically consistent
formulation and the original PPR model formulation under condi-
tions of monotonic loading.

Appendix B. Nomenclature

parameter controlling the shape of the cohesive softening
curve in the normal direction

parameter controlling the shape of the unload-
ing/reloading curve in the normal direction

conjugate normal final crack opening width

conjugate tangential final crack opening width
parameter controlling the shape of the cohesive softening
curve in the tangential direction

parameter controlling the shape of the unload-
ing/reloading curve in the tangential direction

normal separation along the fracture surface

normal final crack opening width

normal separation along the fracture surface at numerical
increment i+ 1

normal separation along the fracture surface at numerical
increment i

tangential separation along the fracture surface
tangential final crack opening width

tangential separation along the fracture surface at numer-
ical incrementi+1

tangential separation along the fracture surface at numer-
ical increment i

time derivative of the Helmholtz free energy function
energy constant in the PPR model

energy constant in the PPR model

internal history parameter in the coupled unload-
ing/reloading relation

internal history parameter in the normal direction
internal history parameter in the normal direction at
numerical increment i+ 1

internal history parameter in the normal direction at
numerical increment i

internal history parameter in the tangential direction
internal history parameter in the tangential direction at
numerical increment i+ 1

internal history parameter in the tangential direction at
numerical increment i

parameter controlling the hardening slope of the PPR
model in the normal direction

parameter controlling the hardening slope of the PPR
model in the normal direction

time derivative

Macauley bracket

DV material tangent stiffness matrix of the thermodynami-
cally consistent unloading/reloading relation

w stress power

bn fracture energy in the normal direction (with zero tan-
gential separation)

bt fracture energy in the tangential direction (with zero tan-
gential separation)

v total Helmholtz free energy function

W; component of the total Helmholtz free energy function

v, Helmbholtz free energy functions related to normal sepa-
ration

2 Helmholtz free energy functions related to tangential sep-
aration

T time-like parameter

T cohesive traction vector

u displacement vector

D dissipation

d; scalar damage parameter

Dnn normal component of the material tangent stiffness
matrix for loading

Dp,, DY, normal components of the material tangent stiffness
matrix for unloading/reloading

dp normal scalar damage parameter

d%") normal scalar damage parameter due to normal separa-
tion

dﬁf) normal scalar damage parameter due to tangential sepa-
ration

D}, D} tangential components of the material tangent stiffness
matrix for unloading/reloading

Dyt tangential component of the material tangent stiffness
matrix for loading

de tangential scalar damage parameter

d(t”) tangential scalar damage parameter due to normal sepa-
ration

d(f) tangential scalar damage parameter due to tangential
separation

En initial stiffness parameter in the normal direction

E; initial stiffness parameter in the tangential direction

m nondimensional exponent in the PPR model

n nondimensional exponent in the PPR model

Th normal cohesive traction in the original PPR model

T tangential cohesive traction in the original PPR model

Tn cohesive traction in the normal direction

Ty normal cohesive traction for the unloading/reloading
relation

T; cohesive traction in the tangential direction

T tangential cohesive traction for the unloading/reloading
relation
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