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conducted at low-temperatures and
compared.
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analysis.
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� Numerical simulations were
validated against DC(T) and IDT creep
experiments.
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a b s t r a c t

This study presents a framework to identify the low-temperature viscoelastic properties of asphalt con-
crete using the disk-shaped compacted tension (DC(T)) creep test. Due to the DC(T) geometry, the stress–
strain state in the DC(T) geometry is not simple, and a geometry coefficient is needed to characterize the
relationship between the mechanical and geometrical properties. The geometry coefficient of DC(T) was
calculated by invoking the correspondence principle in viscoelasticity. The DC(T) creep test was con-
ducted on different asphalt mixtures comprised of various components and modifiers at three tempera-
ture levels of 0, �12, and �24 �C. The creep compliance function for each of these mixtures was modeled
using a generalized Voigt-Kelvin spring-dashpot phenomenological representation. The numerical imple-
mentation of the generalized Voigt-Kelvin model was developed in the finite element code Abaqus via a
user material subroutine (UMAT). Numerical simulations of DC(T) creep tests using the identified vis-
coelastic properties are presented, which indicate the capability of the proposed approach to characterize
the low-temperature linear viscoelastic behavior of the investigated asphalt mixtures. To further validate
the viscoelastic properties obtained from DC(T) test through different stress–strain states, numerical sim-
ulation results from an Indirect Tensile Creep Test were compared to experimental results. The close
agreement found between the results of indirect tension creep tests and numerical simulations indicates
the capability of the proposed approach for identification of viscoelastic properties of asphalt mixtures at
low temperatures, which opens the door to avoid the intricate experimental setup and poor repeatability
of the indirect tensile creep test at low temperatures.
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1. Introduction

Asphalt concrete suffers from low temperature cracking in cold
regions. This type of pavement distress occurs due to the stress
built-up in the pavement structure under temperature fluctuation.
To calculate the thermally induced stress, viscoelastic characteris-
tics of the asphalt mixture need to be characterized. Creep compli-
ance provides a simple measure of the linear viscoelastic nature of
asphalt concrete at low temperatures, and is often employed in
thermal cracking models and can be used to evaluate the ability
of the asphalt concrete to relax thermal stresses in response to
rapid cooling events in the field [1]. This material property can
be characterized using experimental data from a creep test con-
ducted by applying a rapidly applied, ‘step-stress’, which is then
held constant as the time-dependent creep displacement is mea-
sured [2]. Various thermal cracking prediction models (e.g. TCMO-
DEL [3,4] and ILLI-TC [5,6]) use viscoelastic creep compliance as a
key input to the models, mainly for response calculation. In some
cases, parameters derived from the creep compliance curve are
also used in cracking models, such as measures of the slope of
the creep compliance curve at long loading times [3,4], which is
often called the ‘m-value.’
1.1. Overview: Available creep test set-ups

Researchers have proposed different test setups, such as uniax-
ial cylindrical [7,8], semi-circular bending (SCB) [9], thermal stress
restrained specimen test (TSRST) [10,11], indirect tension (IDT)
[12,13], and bending beam geometries [14,15] to determine the
creep compliance of asphalt mixtures. The uniaxial test can be per-
formed in either pure tension or pure compression modes. More-
over, the stress level in the uniaxial test is constant throughout
the cylindrical sample, providing a straightforward creep compli-
ance calculation method. However, the uniaxial test requires test-
ing specimens that cannot be fabricated from field cores due to the
limited thickness of the asphalt lifts in a pavement structure. On
the other hand, the SCB-type configuration benefits from a simple
specimen fabrication process and can be performed on field cores
as well. However, the bending moment (flexural stress) within
the SCB sample is assumed to result in non-linear behavior and
damaging of the sample. Besides, most of the available tests per-
formed on the SCB configuration are performed at room tempera-
ture (25 �C) and, therefore, do not need a temperature-control
chamber. Due to the highly temperature dependent behavior of
asphalt mixtures and the duration of the creep test (100–1000 s),
the testing temperature needs to be controlled and maintained
throughout the experiment. As a result, the uniaxial and SCB creep
tests are not suitable for a considerable amount of applications in
research and industry. In the following sections, the frequently
applied creep tests including IDT and bending beam rheometer
(BBR) tests are reviewed. In order to investigate the thermal stress
buildup in asphalt pavements during cooling events, a constant
cooling rate is applied in TSRST set-up [16]. Further, Velásquez
et al. [17] provided a method to address the issue associated with
the rotation of the platens due to poor specimen alignment and
material heterogeneity in the TSRST test.
1.2. Indirect tension (IDT) type creep compliance

Following AASHTO T322-2007, the Superpave IDT test can be
used to measure the creep compliance and strength of asphalt con-
crete. The field-cored or gyratory-compacted samples with heights
ranging from 38 to 50 mm and diameters in the range of 150 �9
mm are generally used. Three testing temperatures with 10 �C
intervals are recommended, which are often taken as 0, �10, and
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�20 �C. Alternatively, temperatures can be selected to encompass
the low-performance grade (PG) of the asphalt binder and can
use a different temperature spacing, such as 0, �12, and �24 �C
[6]. A creep test duration of 1000 s is generally required to ensure
overlap between creep curves for master curve development. Since
the creep compliance should normally be characterized in the lin-
ear viscoelastic range, loading levels should be kept sufficiently
low to retain this linearity. Therefore, a maximum deformation
on the horizontal clip gage of 0.019 mm for 150 mm diameter sam-
ples is suggested to stay within the linear range. Besides, to cir-
cumvent the noise problems and drift inherent in sensors
(displacement extensometers), a minimum deformation of
0.00125 mm at a 30-second loading time is recommended [12].
The IDT test setup and loading configurations pose both tensile
and compressive stresses in both horizontal and vertical directions.
Therefore, the stress and strain states in the IDT test are not as sim-
ple as those in uniaxial loading. Due to this complexity, a geomet-
rical coefficient (or creep compliance correction factor) is
calculated using the horizontal and vertical deflection and is
applied in the creep compliance formula per AASTO T322.

The IDT test has been the most frequently applied test by
researchers and agencies to calculate the creep compliance at
low temperatures and evaluate the cracking potential of asphalt
mixtures [18–21]. For example, Behnia et al. [22] fitted a power
law function on IDT creep compliance master curves to character-
ize low temperature behavior of four mixtures with PG 64–22 and
PG 58–28 binder types containing 20 and 40% reclaimed asphalt
pavement (RAP). Dave et al. [5] introduced the ILLI-TC software,
which simulates low temperature cracking in asphalt pavements
using a 2D viscoelastic finite element (FE) analysis with cohesive
zone fracture modeling. Hill et al. [23] used bio-based modifiers
to improve the thermal cracking resistance of recycled mixtures.
To this end, DC(T) fracture and IDT bulk viscoelastic characteriza-
tion tests were used. The m-value increases as the bio-based mod-
ifier is added to hot mix asphalt (HMA). Moreover, the addition of
RAP resulted in a significant reduction in m-value. To numerically
study the effect of material heterogeneity on the fracture of asphalt
concrete, Wills et al. [24] performed IDT creep tests on mixtures
containing different air void contents and found that higher air
voids lead to higher compliance in asphalt mixtures.

1.3. Bending beam rheometer (BBR) type creep compliance

The creep compliance of the asphalt mixtures obtained from the
BBR test involves three-point loading of the asphalt samples fabri-
cated in the form of a beam with standard dimensions of 115 � 12.
7 � 6.35 mm (length � width � thickness) per AASHTO TP 125.
Normally, three testing temperatures are chosen for this test. Test
temperatures equal to 4, 10, and 16 �C above the low performance
grade (PG) of the binder used in the mix have been successfully
employed. The testing specimens could be obtained from both
gyratory compacted and field core samples. Fifteen to twenty
BBR specimens can be fabricated out of each gyratory sample
and a minimum of five replicates is recommended by the standard
for each temperature. A loading level of 4000 mN is applied on the
beam specimen for 240 s. The viscoelastic properties of the asphalt
mixture are calculated using the deflection measured in time.

Zofka et al. [14] tested 20 different mixture types consisting of
10 binder types and 2 aggregate sources. The BBR apparatus was
utilized to obtain creep compliance of thin asphalt mixture speci-
mens. Due to the small cross sectional dimensions of BBR speci-
mens (12.7 mm by 6.35 mm), the representative volume element
(RVE), which accounts for reliability and repeatability to set the
minimum dimensions of the testing sample, was not met [14].
The maximum aggregate size is often larger than the specimen
width, and much larger than the specimen thickness. Nevertheless,
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due to the averaging effect along the relatively long beam, the BBR
and the reference IDT creep compliance values were found to be in
reasonable agreement [25]. Also, using measured IDT creep com-
pliance and predicted IDT creep compliance from BBR creep data,
it was shown that similar crack depths and amount of cracking
were predicted by TCMODEL [25]. The BBR mixture test is espe-
cially attractive for characterizing near-surface asphalt mixture
creep properties, where high property gradients exist [26]. The
AASHTO TP 125 procedure has been used by researchers to inves-
tigate the effect of aging on low temperature cracking potential
and also to find the equivalent aging time between the loose mix-
ture and gyratory compacted specimen aging protocols [27–30].
Recently, Judycki [31] implemented analytical solution to devel-
oped a new viscoelastic method integrated with Burger’s model
to calculate the thermally induced stress. The viscoelasric proper-
ties of this solution have been calibrated through a creep test on
300 � 50 � 50 mm asphalt beam samples with a constant loading
level ranging from 20 to 35% of the bending strength for 2400 s fol-
lowed by 1200 s of resting period [16].

1.4. Introducing disk-shaped compact tension (DC(T)) test

The DC(T) fracture test was introduced by Wagoner et al. in
2005 [32] to investigate the fracture resistance of the asphalt mix-
tures. One of the main advantages of the DC(T) geometry compared
to the available SCB-type fracture tests is its larger ligament length
such that the ratio between the average aggregate size and the
fracture area is low. In other words, the number of aggregates act-
ing as obstacles to crack propagation is high. This allows the com-
plete release of fracture energy, and credits the role of aggregates
[33]. The DC(T) test set-up benefits from a robust cooling chamber
and uses a crack mouth opening displacement (CMOD) system to
control the deflection at the top of a notched specimen [34]. The
DC(T) fracture test has been used by various researchers and agen-
cies during the last decade and is found to establish a good corre-
lation with the pavement thermal cracking potential [35–37]. The
DC(T) test has also been used for mixture characterization and to
investigate the effect of the mix constituents on the low tempera-
ture cracking resistance [38–41].

The IDT test set-up requires an expensive loading frame and
cooling chamber, which limits it practical use in routine mixture
design and evaluation. In addition, the extensometers used to
measure the vertical and horizontal deflections in the IDT test
are costly and need continuous maintenance and calibration.
The BBR test tries to avoid this issue as the test is performed
in a Superpave binder BBR test, which is relatively more avail-
able in asphalt labs. However, there is concern whether or not
the thin beam specimens can properly represent the properties
of asphalt mixture, due to size effect concerns, as the dimensions
of the aggregates used in asphalt concrete are generally larger
than the thickness of the BBR specimen. In this research, to
address the difficulties and uncertainties associated with the
IDT and BBR mixture creep tests, the DC(T) geometry is
employed as a practical alternative. Although typically used to
evaluate asphalt mixture fracture resistance, the DC(T) test is
employed herein, where one of the industry standard test
devices was upgraded to permit creep testing.

1.5. Scope and objectives

� Calculating a geometrical coefficient for the DC(T) test which
allows for a simple calculation of viscoelastic creep compliance
from data streams collected from the industry standard DC(T)
test device;
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� Characterizing the viscoelastic behavior of asphalt mixtures at
low temperatures using CMOD versus time results at low tem-
peratures, along with creep load and the new geometrical coef-
ficient and comparing results to the well established Superpave
indirect tension test (IDT);

� Conducting test simulations using the finite element method
(FEM) to predict the viscoelastic response and to validate the
new geometrical coefficient.

To fulfill these objectives, a step-by-step approach was fol-
lowed, as shown in Fig. 1.

2. Materials, sample fabrication, and test setup

In the experimental portion of this study, six stone-matrix
asphalt (SMA) type mixtures were produced and used to fabricate
testing samples for the DC(T) and IDT creep tests. The selected
plant-produced asphalt mixtures were sampled per AASHTO T-
168-03 across asphalt plants in the Chicago Area. Mixtures were
sampled into uncoated, 5-gallon steel pails with tight-fitting lids.
A representative from the Missouri Asphalt Pavement and Innova-
tion Lab (MAPIL). After fabrication of the testing samples, the DC(T)
and IDT test set-ups were used to conduct static creep tests (con-
stant load) of 1000 s duration, where viscoelastic deflections were
measured as a function of time. More details regarding data collec-
tion and analysis are provided later in this paper.

2.1. Materials

Table 1 presents the compositional properties of the mixtures
used in this study. The first four mixtures (labeled as 1844, 1835,
1824, and 1845) are friction-surface-type SMAs, used on highway
curves and ramps, while the last two SMA mixtures (1836 and
1840) are regular SMA surface mixtures, used in lower trafficked,
non-curved or tangent road alignments. Among these mixtures,
three of them (1844, 1824, and 1836) involved SBS-polymer-
modified binder systems and the other three (1835, 1845, and
1840) involved ground tire rubber (GTR), modified either by a
terminal-blend, wet process or by the so-called dry process. The
1835 mix utilized a relatively soft, neat binder (Superpave PG
46–34) combined with 10% engineered crumb rubber (ECR) by
weight of binder (a dry-process GTR system). This mix also had
the highest amount of recycled materials among all of the SMAs
investigated (41.2% asphalt binder eplacement [ABR]), including
25.1% ABR by RAP and 16.1% ABR by recycled roofing shingles
(RAS). Similar to 1835, the1845 mix was also made of PG 46–34
neat binder, which was later modified by 10.5% rubber by weight
of the binder. The neat binder used in the 1840 mix was PG 58–
28. The binder in this mix possessed 12.0% GTR, added to the bin-
der via a terminal-blend, wet process. Aggregate gradations for all
mixtures are shown in Fig. 2. It can be seen that the gradation of all
SMAs investigated is quite similar, all with a nominal maximum
aggregate size (NMAS) of 12.5 mm.

2.2. Sample fabrication

The sampled plant-produced mixtures were brought back to the
MAPIL facility in 5-gallon steel pails. The plastic handles were
removed and then pails were placed in a forced draft oven to heat
the asphalt mixture to a workable consistency (~100 �C). The
heated mixture was then reduced to the mass of the gyratory sam-
ple following the quartering method in AASHTO R47 (see Fig. 3). A
Pine GB2 Superpave gyratory compactor was used to compact the
reheated samples and make cylindrical specimens. After splitting



Fig. 1. Study Framework.

Table 1
Details of mixture ingredients.

Mix. ID SMA1 Type Base Binder Total Binder Content (%) ABR2 by RAP3 (%) ABR by RAS4 (%) NMAS5 (mm)

1844 Friction Surface SBS 70–28 6.12 10.8 16.0 12.5
1835 Friction Surface 46–34 + 10%ECR 5.93 25.1 16.1 12.5
1824 Friction Surface SBS 64–34 6.14 20.4 16.7 12.5
1845 Friction Surface 46–34 + 10.5%GTR 6.21 23.9 15.4 12.5
1836 Surface SBS 64–34 6.03 16.2 16.3 12.5
1840 Surface 58–28 + 12%GTR 6.03 15.9 9.8 12.5

1-SMA: Stone Matrix Asphalt; 2-ABR: Asphalt Binder Replacement; 3- RAP: Reclaimed Asphalt Pavement; 4- Recycled Roofing Shingles; 5- NMAS: Nominal Maximmum
Aggregate Size

Fig. 2. Aggregate gradations for the investigated plant-produced mixtures. Fig. 3. Splitting the bucket of mixture as per AASHTO R47.
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to the desired mass, the asphalt mixture was heated to compaction
temperature (155 and 143 �C for modified and unmodified mixes,
respectively). All SMA testing samples were compacted to 6.0% air
voids. For DC(T) samples, air voids were measured on the 50 mm
slices before notching and coring for the DC(T) specimens.
2.3. DC(T) creep test set-up

DC(T) specimens were fabricated as per ASTM D7313 with a
diameter of 150 mm, thickness of 50 mm and ligament length of
84.5 mm, along with two loading holes, each 25 mm in diameter.
4

The dimensions of each DC(T) sample, including thickness, diame-
ter, and ligament length were measured, recorded, and then CMOD
gage points were glued to the crack mouth of the specimen. The
specimen was then placed into the DC(T) chamber for conditioning
at the testing temperature for a minimum of 2 h and a maximum of
4 h. Next, samples were suspended from the cylindrical loading fix-
tures. To avoid damaging the samples, creep loading levels as low
as 0.3, 0.4, and 0.5 kN were chosen for the testing temperatures of
0, �12, and �24 �C, respectively. These levels were determined
after a non-trivial, trial-and-error process. Choosing an overly
low load level is undesirable, as it will lead to noises in deflection
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measurements; whereas selecting an overly high creep load leads
to nonlinear behavior, either localized damage or crack initiation
and propagation at the crack tip. Prior to the application of the
creep test load, a seating load of 0.1 kN was applied to the sample.
The aim of the seating load is to ensure that the sample had been
engaged by the loading platens, and to minimize movement of the
sample when the main creep load is applied. Fig. 4 shows the DC(T)
test sample, test device, and an example of CMOD versus time
under creep loading for three replicates of one mixture type. As
seen in Fig. 4, three replicates were conducted on each mixture
type. Table 2 presents the loading details of the DC(T) creep test
at each temperature.
3. Analysis of experimental results

3.1. Determining the creep compliance factor

The viscoelastic properties of asphalt concrete are often exper-
imentally determined using a uniaxially-loaded, cylindrical speci-
men because of the simple and straightforward stress–strain
relationship. The stress level under uniaxial loading y is assumed
constant at every point throughout the sample and is simply calcu-
lated as the load level divided by the cross-sectional area. The
strain is simply calculated as the ratio of displacement measured
by the loading machine divided by the original height of the spec-
imen, or by using simple, surface-mounted displacement sensors
(ASTM D-3497). However, a more complex, three-dimensional
geometry exists in the DC(T) test, which leads to much more com-
plex stress–strain states in the specimen, especially considering
the added complexity associated with the time-dependent (vis-
coelastic) behavior of bituminous materials. The correspondence
principle provides a powerful tool for the analysis of viscoelastic
boundary value problems (BVPs) for homogeneous and non-
homogenous materials [42,43]. Using the correspondence princi-
ple, the 3-D viscoelastic solutions can be developed based on the
elastic solution [44,45]. To this end, first, an elastic solution for a
given specimen geometry is obtained as a function of applied load,
geometry, and elasticity properties. Then, the viscoelastic solution
of the investigated sample geometry is produced in accordance
with the correspondence principle, where viscoelastic constitutive
models are substituted in place of the elastic constants.
Fig. 4. A sample of the test output from DC(T) machine: three re

5

Considering the dimension compatibility in continuum
mechanics, the relationship between the applied load, P, the spec-
imen thickness, B, elasticity modulus, E, and crack mouth opening
displacement (CMOD) is assumed as follows:

CMOD ¼ a
P

E� B
ð1Þ

where ais the geometry coefficient, depending on the geometrical
configuration of the ASTM D7313-17 DC(T) specimen. As shown
in Eq. (1), the geometry coefficient completes the relationship
between the mechanical and geometrical features of the DC(T)
specimen. To calculate the geometry coefficient, the CMOD for var-
ious values of elasticity modulus, sample thickness, and the load
was calculated using the finite element method and applied to
the elastic solution. Then, considering Eq. (1) and results obtained
from the elastic solution, the geometry coefficient was back calcu-
lated from simulation results as a = 25.0. Therefore, Eq. (1) can be
re-written as follows.

D ¼ 1
E
¼ 0:04

B
P
CMOD ð2Þ

where Dis the inverse of the elastic modulus and is referred to as
elastic compliance.

According to the definition of viscoelastic creep compliance (i.e.,
eðtÞ ¼ r0DðtÞ; e: strain; r0: constant stress), for the case of constant
applied load, the viscoelastic solution and then the viscoelastic
creep compliance for the DC(T) geometry was determined as
follows:

DðtÞ ¼ 0:04
B
P0

CMODðtÞ ð3Þ

where DðtÞis the viscoelastic creep compliance and P0 is the con-
stant applied load in the DC(T) test.

Moreover, for the case of time-dependent applied load, the vis-
coelastic solution can be defined in accordance with Boltzmann
(hereditary) integral, such that:

CMODðtÞ ¼ 1
0:04B

DðtÞPð0Þ þ
Z t

0þ
Dðt � sÞ @PðsÞ

@s
ds

� �
ð4Þ

where PðtÞis the time-dependent applied load in the DC(T) test.
plicates (R1, R2, and R3) were tested for each temperature.



Table 2
Loading properties in DC(T) creep test.

Test Testing Temp. (�C) Chamber Temp. (�C) Seating Load (kN) Ramp Time (s) Creep Load (kN) Creep Time (s)

DC(T) creep 0 0 0.1 0.1 0.3 1000
�12 �12 0.4
�24 �24 0.5
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3.2. Identification of viscoelastic properties

In this research, the DC(T) creep tests were conducted at three
temperatures under a constant load applied for 1000 s, as shown
in Table 2. The CMOD measurements collected at every 0.1 s are
implemented to calculate the creep compliance according to Eq.
(3). Three replicates were used for each mix type and the average
creep compliance used in the subsequent analysis. The generalized
Voigt-Kelvin model is then used to describe the elastic and vis-
coelastic behavior of asphalt concrete at low-temperature by fit-
ting the model to the measured creep compliance. The model
consists of multiple Voight-Kelvin elements accounting for the
delayed elastic behavior assembled in series with one Maxwell ele-
ment, resulting in a model that characterizes both elastic and creep
responses (see Fig. 5). The creep compliance function of the gener-
alized Voight-Kelvin model is presented in Eq. (5),

DðtÞ ¼ D0 þ gt þ
XN
i¼1

Di 1� exp �kit½ �ð Þ ð5Þ

where D0 and g are the spring instantaneous creep compliance and
the viscosity of the dashpot, respectively, in the Maxwell element.
Also, Di are creep compliance parameters and ki denotes the inverse
of retardation time for each Voight-Kelvin element. Considering
four Kelvin elements, and minimizing the sum of squared error
(SSE), the model constant coefficients including D0, Di, and g were
calculated as shown in Table 3. It should be mentioned that the
inverse of retardation time values (ki) is assumed (judiciously
spread across the typical time spectrum of the creep compliance
master curves) and was therefore not calibrated.

4. Numerical simulation

This section presents the numerical framework for the general-
ized Voight-Kelvin model used to represent the viscoelastic behav-
ior of asphalt concrete at low temperatures. It is worth mentioning
Fig. 5. The schematic of the generalized Voigt-Kelvin model.
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that the generalized Voight-Kelvin model is not available in the
Abaqus library and needs to be implemented as a user-defined
subroutine [46]. According to the schematic of the generalized
Voight-Kelvin model shown in Fig. 5, the one-dimensional heredi-
tary (Boltzmann) integration of the viscoelastic constitutive rela-
tionship results in a viscoelastic strain at time of t, which is
described by:

et ¼ D0rt þ
Zt

0

DDðwt�wsÞ dðrsÞ
ds

dsþ
Zt

0

gðwt � wsÞdðr
sÞ

ds
ds ð6Þ

where D0 is the instantaneous compliance, DD is the transient creep
compliance, g is the dashpot constant coefficient, s denotes integra-
tion variable. The et and rs indicate strain and stress at time t,
respectively. Similarly, wt is the reduced time at time t, which is a

function of time–temperature shift factor (aT), as that wt ¼ Rt
0

1
aT
dn.

The transient compliance DD can be expressed using a Prony series:

DDwt ¼
XN
r¼1

Dr 1� exp �krw
t� �� � ð7Þ

where N is the number of Prony series terms and Dr is the rth term
of compliance associated with the rth retardation time, 1/kr.

In order to solve Eq. (6) numerically, the stress, strain and inter-
nal state variables need to be determined at each time increment.
Given the variables at the last time increment (t-Dt), the stress,
strain, and internal state variables are calculated at the current
time increment (t) and are stored for the next time increment.
The numerical implicit scheme of hereditary integration for the
generalized Voight-Kelvin model was implemented, as described
in detail in Appendix A. As a displacement–strain-based numerical
scheme, the strain tensor increment at time t (i.e., Detij) is given at
the beginning of each increment. Then, given the relationship
between the increment of viscoelastic strain and internal state
variables stored at the last increment, the stress increment at the
current time increment (Drt) can be calculated. Finally, having
the stress tensor at the last time increment (rt�Dt), the stress tensor
at the current increment (rt) can be calculated as:

rt
kl ¼

Dijkl;0 þ
PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;r
1�exp �krDwt½ �

krDwt þ 1
2Dw

tgijkl

� ��1

�

Detij þ Dijkl;0 þ
PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;r
1�exp �krDwt�Dt½ �

krDwt�Dt þ 1
2Dw

t�Dtgijkl

� �
rt�Dt

kl

� PN
r¼1

Dijkl;r
1�exp �krDwt½ �

krDwt � PN
r¼1

Dijkl;r
1�exp �krDwt�Dt½ �

krDwt�Dt

� �
rt�Dt

kl

� 1
2Dw

t�Dtgijkl þ 1
2Dw

tgijkl

h i
rt�Dt

kl � PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;rexp �krDw
t� �� �

qt�Dt
kl;r

þDwtgijklr0
kl

2
666666666664

3
777777777775
ð8Þ

The expression above is given in indicial notation, and thus, the
summation convention applies. Once the variables are obtained for
the current time increment, the stress and strain tensors, and the
internal state variables (i.e., qt

kl;r and pt
kl), are all updated and stored

for the next time increment. The numerical implementation of the



Table 3
Identified viscoelastic constant coefficient.

k1 (1/s) k2 (1/s) k3 (1/s) k4 (1/s)
0.3162 0.1000 0.03162 0.0100

ID Temp (�C) D0 (1/MPa) g (1/s/MPa) D1 (1/MPa) D2 (1/MPa) D3 (1/MPa) D4 (1/MPa)

1824 0 6.23e�05 3.95e�07 4.14e�05 1.51e�05 2.49e�17 1.9e�04
�12 4.52e�05 6.67e�08 1.32e�05 2.92e�06 1.04e�08 4.81e�05
�24 3.12e�05 1.37e�08 4.53e�06 1.87e�06 5.6e�07 1.54e�05

1835 0 6.13e�05 1.76e�07 2.52e�05 1.08e�05 1.42e�08 1.07e�04
�12 4.73e�05 4.4e�08 1.03e�05 1.4e�06 1.56e�07 3.53e�05
�24 3.23e�05 1.71e�08 4.45e�06 2.11e�06 1.86e�06 1.49e�05

1836 0 6.53e�05 1.56e�07 2.08e�05 1.65e�05 2.2e�09 1.02e�04
�12 4.39e�05 4.06e�08 9.22e�06 3.05e�06 4.47e�07 3.14e�05
�24 3.02e�05 1.17e�08 2.5e�06 2.13e�06 1.3e�06 1.57e�05

1840 0 6.09e�05 2.42e�07 1.81e�05 2.19e�05 4.39e�15 1.3e�04
�12 4.61e�05 4.61e�08 2.28e�06 1.08e�05 7.87e�06 2.12e�05
�24 2.91e�05 1.51e�08 2.06e�06 1.74e�06 1.19e�06 1.19e�05

1844 0 5.89e�05 1.74e�07 2.86e�05 7.87e�06 5.89e�09 1.01e�04
�12 4.13e�05 4.29e�08 1.08e�05 2.76e�06 1.29e�07 3.26e�05
�24 2.99e�05 1.74e�08 2.9e�06 2.27e�06 1.08e�07 1.78e�05

1845 0 7.23e�05 2.72e�07 3.68e�05 1.45e�05 2.88e�11 1.46e�04
�12 4.15e�05 5.28e�08 8.27e�06 7.27e�06 5.47e�08 3.99e�05
�24 3.08e�05 1.27e�08 5.56e�06 1.1e�06 1.05e�08 1.8e�05
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generalized Voight-Kelvin model was implemented in the finite
element code Abaqus via a user material subroutine (UMAT), fol-
lowing an implicit scheme.
5. Numerical validation

5.1. Comparing DC(T) response predictions with experimental
measurements

In this section, the constitutive model and the introduced
numerical framework are integrated to predict the time-
dependent CMOD response obtained from the DC(T) test. To this
end, the geometry of the DC(T) sample was modeled in Abaqus.
The viscoelastic properties calculated in Section 3 were considered
as constant coefficients of the model implemented in Section 4. The
corresponding creep loads shown in Table 3 were applied in the
model and the CMOD versus time is calculated. For instance,
Fig. 6 depicts the displacement, strain, and stress fields within a
DC(T) specimen at the end of a creep test.

Fig. 7 shows the CMOD response of three replicates and the cor-
responding FEM result for each mix compared at three different
temperatures. In this figure, the range of CMOD recorded by three
replicates is highlighted for each temperature. As expected, despite
being subjected to the highest level of creep load, the measured
CMOD response at �24 �C is always lower than the ones at �12
and 0 �C. Also, the main proportion of accumulated CMOD at
�24 �C occurred at the early stages of the creep test (first ten sec-
onds), indicating the predominant elastic behavior of the investi-
gated asphalt mixtures at this temperature. On the other hand,
the delayed elastic deformation increases as the temperature
increases. As a result, the CMOD at 0 �C accumulates much more
gradually in time.

The CMOD responses presented in Fig. 7 are used to validate the
ability of the model to predict the DC(T) creep test results. To this
end, the viscoelastic properties shown in Table 3 are implemented
in the numerical framework to calculate the CMOD responses at
different temperatures. Comparing the obtained CMOD responses
using FEM (dashed lines in the figures) with the range of
laboratory-measured CMODs in time for three replicates, shows
the capability of the implemented numerical framework to suc-
cessfully predict the DC(T) creep test responses. As indicated in
7

Section 2, the studied mixtures use various combinations of binder
systems and recycled materials. However, the 1824 mix is believed
to benefit from the softest binder system (SBS 64-34 binder with
total ABR of 37.1% by RAP and RAS) among the SMA friction surface
type mixtures. This is reflected in the CMOD response as it
recorded the highest CMOD among the mixtures especially at 0
and �12 �C.

The repeatability of the DC(T) test is investigated based on the
CMOD measurements at 1000 s for three replicates of each mix.
Table 4 shows the standard deviation along with the measured
coefficient of variance (COV) for replicate testing of the various
mixture types at three temperatures. All averaged COVs are less
than 10%, indicating the high level of repeatability of the DC(T) test.
The highest average COV was recorded at 0 �C, which implies
higher variability with higher test temperature. The higher vari-
ability of CMOD measurements at 0 �C can also be observed in
Fig. 7.
5.2. Comparing IDT response predictions with experimental
measurements

The viscoelastic properties of the mixtures along with the finite
element method were implemented to show the capability of the
numerical framework to predict the DC(T) creep responses. In this
section, the viscoelastic properties obtained from DC(T) creep test
are used to predict IDT creep responses. The differences in the
stress state and strain distribution between the IDT and DC(T)
geometries provide the opportunity to validate the DC(T) creep
compliance properties and the numerical approach used in this
study.

The IDT creep tests were carried out using a universal testing
machine (UTM) with a capacity of 100 kN. The IDT creep test
was performed on slices with 50 mm in thickness and 150 mm
in diameter, following AASHTO T-322. To carry out the IDT creep
test, three replicates were conditioned at 0, �12, and �24 �C. For
the sample to reach the desired testing temperature, the IDT cool-
ing chamber needed to be set at a slightly lower temperature (see
Table 5). Each sample was kept at the cooling chamber for 2–4 h.
The horizontal and vertical extensometers were then attached to
the two faces of the IDT specimens, and the sample was placed into
the IDT fixture. To compensate for the temperature loss due to



Fig. 6. An example of DC(T) creep responses as simulated with viscoelastic FEM in Abaqus.

Fig. 7. CMOD response versus time at three temperature levels for mixture of: (a) 1844; (b) 1835; (c) 1824; (d) 1845; (e) 1836; (f) 1840.
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opening the chamber door and installing the extensometers, the
sample was kept for another half an hour to reach the testing tem-
perature. Similar to the DC(T) creep test, a seating load of 0.1 kN
was applied to the sample. The seating load fixes the sample posi-
tion in the IDT fixture, ensures rapid creep loading without impact,
and eliminates some of the slight nonlinearity exhibited at low
load levels. In the test, the load level is rapidly increased as a steep
slope-load function until the target creep load is reached. The
closed-loop controls are tuned such that the creep load is attained
8

in less than one second. As Table 5 shows, the creep load was then
maintained for 1000 s while horizontal and vertical displacements
were recorded.

Fig. 8 shows the 3-D model of the IDT geometry along with the
mechanical responses such as vertical stress and strain in Abaqus
software. The viscoelastic properties identified from DC(T) creep
test, as in Section 3, were used in numerical simulations. These
mechanical responses are calculated using the viscoelastic param-
eters presented in Table 3 obtained from the DC(T) creep test. It is



Table 4
Repeatability of CMOD at 1000 s.

�24 �C �12 �C 0 �C

Mix. ID STD (mm) COV (%) STD (mm) COV (%) STD (mm) COV (%)

1844 0.0004 2.0 0.0029 8.8 0.0102 14.0
1835 0.0002 1.1 0.0005 1.5 0.0044 6.0
1824 0.0016 8.3 0.0028 6.7 0.0050 3.7
1845 0.0015 7.3 0.0035 9.5 0.0107 11.0
1836 0.0022 11.8 0.0013 4.2 0.0062 8.8
1840 0.0017 9.2 0.0012 3.7 0.0102 14.0
AVG 0.0013 6.6 0.0020 5.7 0.0078 9.6
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worth mentioning that the IDT test possesses a multiaxial stress
state such that the vertical and horizontal stresses are imposed
in vertical and horizontal directions, respectively. Given that the
stress state in the DC(T) test is different than that in the IDT test
(both in magnitude and distribution), a comparison between the
results from both tests provides a meaningful way to verify and
validate the ability of the proposed approach to identify the vis-
coelastic properties of asphalt mixtures at low temperatures.

To conduct the IDT test per AASHTO T-322, three replicates
were tested for each mixture at three temperatures. As the exten-
someters are mounted on both sides of the IDT sample, six horizon-
tal and six vertical sets of deflections were collected. Then, the
maximum and minimum measure deflection were discarded
(trimmed) per AASHTO T-322 and four extensometer results were
used to analyze the results. Figs. 9–14 show the response range of
the four extensometer measurements at each direction and the
corresponding FEM result for mixtures at three different tempera-
tures under the IDT test. The horizontal and vertical displacements
measured in each test were compared against the corresponding
numerical results. The close agreement between the numerical
simulations and experimental measurements validates the vis-
coelastic properties acquired through the proposed approach and
the DC(T) creep test results.

Tables 6 and 7 provide the IDT test repeatability measures in
the horizontal and vertical directions, respectively, using the
extensometer measurements at 1000 s. The STD and COV parame-
ters are calculated after discarding the lowest and highest mea-
sured deflections and considering the results from the remaining
four extensometers in each direction, following AASHTO T-322.
Using the trimmed data set from the three tested replicates leads
to a lower coefficient of variation. According to Tables 6 and 7,
the averaged COV of the mixtures ranges from 9.0 to 16% in hori-
zontal and 9.8 to 12.7% in vertical directions. Comparing to the
DC(T) creep test repeatability, the COV of the IDT creep test is
slightly higher. Also, it could be observed in both DC(T) and IDT
tests that warmer test temperature leads to a higher standard devi-
ation. As a result, a higher discrepancy is observed between the
measured deflections and FEM predictions at 0 and �12 �C as com-
pared to �24 �C (Figs. 9–14).

Table 8 presents a variety of items that could be considered to
further compare the IDT and DC(T) creep tests. The DC(T) sample
fabrication involves additional steps such as making the notch
and coring the holes. Therefore, the IDT sample fabrication is easier
than that of the DC(T) sample. Although the vertical and horizontal
Table 5
Loading properties in IDT creep test.

Test Testing Temp. (�C) Chamber Temp. (�C) Seating Lo

IDT creep 0 �1.5 0.1
�12 �14
�24 �26
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extensometers on the sample surface make the instrumentation of
the IDT test more difficult than that of the DC(T), it provides the
chance to determine the Poisson’s ratio of the mixture. Due to
the measurement of the deflection in only one dimension in the
DC(T) test, the calculation of Poison’s ratio is not possible through
the presented DC(T) test setup. Monitoring the temperature of the
asphalt sample in the cooling chamber indicated that a shorter
duration of conditioning times is needed for temperature equilib-
rium in the DC(T) test. Also, opening the chamber door to load
the testing into the test fixture has a small negative effect on the
temperature of the conditioned sample. These resulted in selecting
the DC(T) creep test as the more efficient test in terms of the tem-
perature controlling system. Given the lower COV calculated for
these two tests, despite the trimmed data procedure applied for
IDT displacing measurements, it was concluded that the DC(T) test
is more repeatable than the IDT creep test. The DC(T) creep test is
also preferable in terms of the equipment cost and ease of data
analysis.
6. Summary, conclusions, and future work

In this study, a new method called the DC(T) creep test was
introduced to characterize the viscoelastic behavior of asphalt mix-
tures at low temperatures. To this end, the CMOD responses of six
SMA type mixtures were measured under a constant load applied
to the sample in 1000 s at three temperatures including �24,
�12, and 0 �C. According to the well-known correspondence prin-
ciple in viscoelastic studies, the CMOD measurements under the
DC(T) test along with a correction factor that accounts for the sam-
ple geometry were used to calculate the creep compliance as a
function of time. A generalized Voight-Kelvin model including an
isolated spring, a dashpot, and four Kelvin elements was employed
and calibrated for each mix at each of the test temperatures. The
viscoelastic constitutive relationship was implemented in the
finite element code Abaqus via a user material subroutine. The pro-
posed numerical framework was used to predict the DC(T)
response under creep loading. In addition, IDT creep tests were
conducted at the same temperatures and the horizontal and verti-
cal displacements were measured. The developed framework and
determined viscoelastic parameters from the DC(T) creep tests
were implemented to predict the IDT responses. The following con-
clusions could be drawn from the test results and analysis
presented:
ad (kN) Ramp Time (s) Creep Load (kN) Creep Time (s)

1 4 1000
1 8
1 20



Fig. 8. An example of IDT creep responses through FEM.

Fig. 9. Horizontal and vertical deflections from IDT testing for the 1844 mix: (a) at 0 �C; (b) at �12 �C; (c) at �24 �C.

Fig. 10. Horizontal and vertical deflections from IDT testing for the 1835 mix: (a) at 0 �C; (b) at �12 �C (c) at �24 �C.

Fig. 11. Horizontal and vertical deflections from IDT testing for the 1824 mix: (a) at 0 �C; (b) at �12 �C; (c) at �24 �C.
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Fig. 12. Horizontal and vertical deflections from IDT testing for the 1845 mix: (a) at 0 �C; (b) at �12 �C; (c) at �24 �C.

Fig. 13. Horizontal and vertical deflections from IDT testing for the 1836 mix: (a) at 0 �C; (b) at �12 �C; (c) at �24 �C.

Fig. 14. Horizontal and vertical deflections from IDT testing for the 1840 mix: (a) at 0 �C; (b) at �12 �C; (c) at �24 �C.

Table 6
Repeatability of IDT creep horizontal displacement at 1000 s.

�24 �C �12 �C 0 �C

Mix. ID STD (mm) COV (%) STD (mm) COV (%) STD (mm) COV (%)

1844 0.0020 18.8 0.0009 13.2 0.0014 13.1
1835 0.0010 10.6 0.0027 31.8 0.0020 21.6
1824 0.0007 8.0 0.0017 19.8 0.0050 18.4
1845 0.0011 12.3 0.0013 15.4 0.0011 7.0
1836 0.0005 6.1 0.0012 17.5 0.0008 7.8
1840 0.0003 3.6 0.0005 7.5 0.0038 28.1
AVG 0.0009 9.9 0.0014 17.5 0.0023 16.0
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Table 7
Repeatability of IDT creep vertical displacement at 1000 s.

�24 �C �12 �C 0 �C

Mix. ID STD (mm) COV (%) STD (mm) COV (%) STD (mm) COV (%)

1844 0.0017 11.0 0.0017 12.5 0.0041 19.7
1835 0.0012 6.0 0.0033 24.5 0.0024 11.9
1824 0.0018 11.1 0.0035 18.4 0.0054 12.9
1845 0.0024 12.9 0.0006 3.7 0.0033 9.2
1836 0.0013 8.8 0.0008 7.0 0.0017 8.1
1840 0.0014 8.8 0.0012 8.2 0.0035 14.5
AVG 0.0016 9.8 0.0019 12.4 0.0034 12.7

Table 8
Comparing IDT with DC(T) creep tests.

DC(T) creep IDT creep

Easier sample fabrication U

Also measures Poisson’s ratio U

Easier instrumentation U

Better temperature control U

Higher test repeatability U

Less expensive equipment U

Simpler analysis U
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� The relationship between the CMOD response measured in the
DC(T) creep test and the resulting viscoelastic creep compliance
obtained by applying the simple geometrical constant devel-
oped herein can be used to simply and accurately characterize
the viscoelastic creep behavior of asphalt concrete at low
temperatures.

� The developed numerical framework and UMAT subroutine for
the generalized Voight-Kelvin model can be used to simulate
the viscoelastic response of asphalt mixtures in the commercial
FEM code ABAQUS.

� The close agreement between the laboratory-measured dis-
placements in the IDT test and the FEM predicted displacements
validated the viscoelastic properties obtained with the newly
proposed DC(T) creep test and analysis method.

� The DC(T) creep test yields a lower COVs and is deemed to be
more repeatable than the IDT creep test, even after applying
the trimmed mean approach to the displacements measured
in the IDT test.

� Except for the easier sample fabrication and the possibility to
calculate Poisson’s ratio, the DC(T) creep test may be viewed
as preferable over the IDT creep test in terms of the added sim-
plicity and reduced cost for instrumentation, temperature con-
trol, and data analysis.

More work will be needed to further develop and apply the DC
(T) creep test method presented in this study. These research needs
include the following: 1) a more accurate and systemtic estimation
of the creep loading level that is high enough to avoid problems
associated with noise and low enough to prevent nonliearity; 2)
investigating a variety of asphalt mixtures including densegraded
with different aggregate structure, binder type, and modification;
3) implimentating the DC(T) creep results in software tools such
as Pavement-ME and Illi-TC to predict the low temperature crack-
ing performance of asphalt pavements during the serive life.
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Appendix A. Numerical derivation for the generalized Kelvin-
Voight model

According to the schematic of the generalized Voigt-Kelvin
model shown in Fig. 5, the one-dimensional hereditary (Boltz-
mann) integration of viscoelastic constitutive relationship results
in the viscoelastic strain at the time of t, such that:

et ¼ D0rt þ
Z t

0
DDðwt�wsÞ dðrsÞ

ds
dsþ

Z t

0
gðwt � wsÞdðr

sÞ
ds

ds ðA1Þ

where D0 is the instantaneous compliance, DD is the transient creep
compliance, g is the dashpot constant coefficient, s denotes integra-
tion variable. The et and rs indicate strain and stress at time t,
respectively. Similarly, wt is the reduced time at time t, which is a

function of time–temperature shift factor(aT), as that wt ¼ Rt
0

1
aT
dn .

The transient compliance DD can be expressed using a Prony series:

DDwt ¼
XN
r¼1

Dr 1� exp �krw
t� �� � ðA2Þ

where N is the number of Prony series terms and Dr is the rth term
of compliance associated with the rth retardation time, 1/kr. The
general three-dimensional form of hereditary integration men-
tioned in Eq. (A1) can be re-written as

etij ¼ Dijkl;0rt
kl þ

Z t

0
DDðwt�wsÞ

ijkl

dðrs
klÞ

ds
dsþ

Z t

0
gijklðwt � wsÞ

� dðrs
klÞ

ds ds ðA3Þ

where

DDwt

ijkl ¼
XN
r¼1

Dijkl;r 1� exp �krw
t� �� � ðA4Þ
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Substituting Eq. (A4) into Eq. (A3), the viscoelastic strain at time
t can be written as:

etij ¼ Dijkl;0rt
kl þ

XN
r¼1

Dijkl;rrt
kl �

XN
r¼1

Dijkl;rqt
kl;r þ gijklp

t
kl ðA5Þ

where

qt
kl;r ¼

Zt

0

exp �krðwt � wsÞ� �dðrs
klÞ

ds
ds ðA6Þ

pt
kl ¼

Zt

0

ðwt � wsÞdðr
s
klÞ

ds
ds

The terms qt
kl;r and pt

kl denote the history part of the hereditary
(Boltzmann) integration. To develop a recursive and numerical
scheme, qt

kl;r is decomposed into two terms, as follows:

qt
kl;r ¼

Z t�Dt

0
exp �krðwt � wsÞ� � dðrs

klÞ
ds

ds

þ
Z t

t�Dt
exp �krðwt � wsÞ� �dðrs

klÞ
ds

ds ðA7Þ

The first part of the integral in Eq. (A7) can be simplified as:
Z t�Dt

0
exp �kr wt � ws� �� � d rs

kl

� �
ds ds ¼ exp �kr Dwt� �� �� �

¼
Z t�Dt

0
exp �kr wt�Dt � ws� �� �d rs

kl

� �
ds ds

¼ exp �kr Dwt� �� �
qt�Dt
kl;r ; Dwt ¼ wt � wt�Dt

ðA8Þ

The term qt�Dt
kl;r is the hereditary integral for every term of the

Prony series and should be updated and stored at the end of the
previous increment t � Dt. This history term will be used to update
the stress tensor at the current time, t. For small time increments,
Dt, the term rs

kl can be assumed to be linear over t � Dt 6 s 6 t (i.e.,
d rs

klð Þ
ds � rt

kl
�rt�Dt

kl
Dwt ). Therefore, the second term of the integration in Eq.

(A7) is simplified as:
Z t

t�Dt
exp �kr wt � ws� �� �d rs

kl

� �
ds

ds

¼ rt
kl � rt�Dt

kl

� �1� exp �krDw
t� �

krDw
t ðA9Þ

Therefore, by substituting Eqs. (A8) and (A9) into Eq. (A7), the
term qt

kl;r simplifies to

qt
kl;r ¼ exp �kr Dwt� �� �

qt�Dt
kl;r þ rt

kl � rt�Dt
kl

� �1� exp �krDw
t� �

krDw
t ðA10Þ

Similarly, the second part of Eq. (A6) is re-written as:

pt
kl ¼

Z t

0
ðwt � wsÞdðr

s
klÞ

ds
ds

¼
Z t�Dt

0
ðwt � wsÞdðr

s
klÞ

ds
dsþ

Z t

t�Dt
ðwt � wsÞdðr

s
klÞ

ds
ds ðA11Þ

where

pt
kl ¼

R t�Dt
0 ðwt � Dwt þ Dwt � wsÞ dðrs

kl
Þ

ds dsþ R t
t�Dtðwt � wsÞ dðrs

kl
Þ

ds ds

¼ R t�Dt
0 ðwt�Dt � wsÞ dðrs

kl
Þ

ds dsþ t � Dt
R t�Dt
0 Dwt dðrs

kl
Þ

ds dsþ R t
t�Dtðwt � wsÞ dðrs

kl
Þ

ds ds
ðA12Þ

For small time increments, Dt, the termrs
kl can be assumed to be

linear over t � Dt 6 s 6 t. Therefore, Eq. (A12) reduces to:
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pt
kl ¼ pt�Dt

kl þ R t�Dt
0 Dwt dðrsklÞ

ds dsþ R t
t�Dtðwt � wsÞ dðrs

kl
Þ

ds ds

¼ pt�Dt
kl þ Dwt rs

kl

� �t�Dt
0 þ rt

kl � rt�Dt
kl

� �
wtws � wsð Þ2

2

h it
t�Dt

¼ pt�Dt
kl þ Dwt rt�Dt

kl � r0
kl

� �þ 1
2Dw

t rt
kl � rt�Dt

kl

� �
ðA13Þ

Substituting Eqs. (A10) and (A13) into Eq. (A5), the viscoelastic
strain at time t can be expressed as follows:

etij ¼ D
� t

ijklr
t
kl � Ht

ij ðA14Þ
where

D
� t

ijkl ¼ Dijkl;0 þ
XN
r¼1

Dijkl;r �
XN
r¼1

Dijkl;r
1� exp �krDw

t� �
krDw

t

þ 1
2
Dwtgijkl ðA15Þ

and

Ht
ij ¼

PN
r¼1

Dijkl;rqt�Dt
kl;r exp �krDw

t� �� PN
r¼1

Dijkl;rrt�Dt
kl

1�exp �krDwt½ �
krDwt

�gijklp
t�Dt
kl � Dwt gijklrt�Dt

kl � gijklr0
kl

h i
þ 1

2Dw
tgijklrt�Dt

kl

ðA16Þ

The term Ht
ij in Eq. (A16) is a function of qt�Dt

kl;r and pt�Dt
kl , which

depend on the history of loading at the time t � Dt. In order to
make the Ht

ij as a function of the internal state variables at time

t, according to Eqs. (A10) and (A13), term exp �krðDwtÞ� �
qt�Dt
kl;r and

pt�Dt
kl can be written as:

exp �krðDwtÞ� �
qt�Dt
kl;r ¼ qt

kl;r � rt
kl � rt�Dt

kl

� � 1�exp �krDwt½ �
krDwt

pt�Dt
kl ¼ pt

kl � Dwt rt�Dt
kl � r0

kl

� �� 1
2Dw

t rt
kl � rt�Dt

kl

� � ðA17Þ

Therefore, Eq. (A16) is simplified and presented as a function of
variables at the time t, such that:

Ht
ij ¼

PN
r¼1

Dijkl;rqt
kl;r � rt

kl

PN
r¼1

Dijkl;r
1�exp �krDwt½ �

krDwt

�gijklp
t
kl þ 1

2gijklDw
trt

kl

ðA18Þ

The current increment of viscoelastic strain can be obtained as:

Detij ¼ etij � et�Dtij ;

etij ¼ D
� t

ijklrt
kl � Ht

ij;

et�Dtij ¼ D
� t�Dt

ijkl rt�Dt
kl � Ht�Dt

ij

ðA19Þ

Therefore, the strain increment at the time of t is written such
that:

Detij ¼ D
� t

ijklr
t
kl � D

� t�Dt

ijkl r
t�Dt
kl � ðHt

ij � Ht�Dt
ij Þ ðA20Þ

where

D
� t�Dt
ijkl ¼Dijkl;0 þ

XN
r¼1

Dijkl;r �
XN
r¼1

Dijkl;r
1�exp �krDw

t�Dt� �
krDw

t�Dt þ1
2
Dwt�Dtgijkl

Ht�Dt
ij ¼

XN
r¼1

Dijkl;rqt�Dt
kl;r �rt�Dt

kl

XN
r¼1

Dijkl;r
1�exp �krDw

t�Dt� �
krDw

t�Dt

�gijklp
t�Dt
kl þ1

2
gijklDw

t�Dtrt�Dt
kl

ðA21Þ
According to Eqs. (A19) to (A21), the increment of viscoelastic

strain at time t can be expressed as a function of the stress at cur-
rent time t and the stress and loading history at the previous incre-
ment, t � Dt, as follows:
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Detij ¼ D
� t

ijklrt
kl � D

� t�Dt

ijkl rt�Dt
kl � ðHt

ij � Ht�Dt
ij Þ ¼

Dijkl;0 þ
PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;r
1�exp �krDwt½ �

krDwt þ 1
2Dw

tgijkl

� �
rt

kl

� Dijkl;0 þ
PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;r
1�exp �krDwt�Dt½ �

krDwt�Dt þ 1
2Dw

t�Dtgijkl

� �
rt�Dt

kl

þ PN
r¼1

Dijkl;r
1�exp �krDwt½ �

krDw
t � PN

r¼1
Dijkl;r

1�exp �krDwt�Dt½ �
krDwt�Dt

� �
rt�Dt

kl

þ 1
2Dw

t�Dtgijkl þ 1
2Dw

tgijkl

h i
rt�Dt

kl

þ PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;rexp �krDw
t� �� �

qt�Dt
kl;r

�Dwtgijklr0
kl

ðA22Þ
As a displacement–strain-based numerical scheme, the strain

tensor increment at time t (i.e., Detij) is given at the beginning of
each increment. Solving Eq. (A22) considering the strain tensor
increment and loading history at the previous increment, the stress
tensor at the current increment can be calculated as:

rt
kl ¼ Dijkl;0 þ

PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;r
1�exp �krDwt½ �

krDwt þ 1
2Dw

tgijkl

� ��1

�

Detij þ Dijkl;0 þ
PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;r
1�exp �krDwt�Dt½ �

krDwt�Dt þ 1
2Dw

t�Dtgijkl

� �
rt�Dt

kl

� PN
r¼1

Dijkl;r
1�exp �krDwt½ �

krDwt � PN
r¼1

Dijkl;r
1�exp �krDwt�Dt½ �

krDwt�Dt

� �
rt�Dt

kl

� 1
2Dw

t�Dtgijkl þ 1
2Dw

tgijkl

h i
rt�Dt

kl � PN
r¼1

Dijkl;r �
PN
r¼1

Dijkl;rexp �krDw
t� �� �

qt�Dt
kl;r

þDwtgijklr0
kl

2
666666666664

3
777777777775

ðA23Þ
The stress and strain tensors and internal state variables (i.e.,

qt
kl;r and pt

kl) are updated and stored for the next time increment.
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